The effects of line tension on the morphology of a sessile droplet placed on top of a convex spherical substrate are studied. The morphology of the droplet is determined from the global minimum of the Helmholtz free energy. The contact angle between the droplet and the spherical substrate is expressed by the generalized Young's formula. When the line tension is positive and large, the contact angle jumps discontinuously to 180 • , the circular contact line shrinks towards the top of the substrate, and the droplet detaches from the substrate, forming a spherical droplet if the substrate is hydrophobic (i.e., the Young's contact angle is large). This finding is consistent with that predicted by Widom [J. Phys. Chem. 99, 2803 (1995 ]; the line tension induces a drying transition on a flat substrate. On the other hand, the contact angle jumps to 0 • , the circular contact line shrinks towards the bottom of the substrate, and the droplet spreads over the substrate to form a wrapped spherical droplet if the substrate is hydrophilic (i.e., the Young's contact angle is small). Therefore, not only the drying transition of a cap-shaped to a detached spherical droplet but also the wetting transition of a cap-shaped to a wrapped spherical droplet could occur on a spherical substrate as the surface area of the substrate is finite. When the line tension is negative and its magnitude increases, the contact line asymptotically approaches the equator from either above or below. The droplet with a contact line that coincides with the equator is an isolated, singular solution of the first variational problem. In this instance, the contact line is pinned and cannot move as far as the line tension is smaller than the critical magnitude, where the wetting transition occurs.
I. INTRODUCTION
Line tension [1] [2] [3] [4] occurs in the presence of a three-phase contact line, which separates three phases of matter, such as the liquid, solid, and vapor, of a pure substance. Therefore, despite the fact that researchers have debated whether line tension plays a role in wetting as its overall magnitude is quite low [3, [5] [6] [7] [8] , line tension must play some role for a small capshaped droplets wetting a substrate. In fact, the line tension is known to play a fundamental role in the stability of such a droplet [9] [10] [11] [12] .
Two decades ago, Widom [10] predicted that line tension would induce a morphological transition of a droplet placed on a flat substrate. There have also been several studies [13, 14] of such line-tension-induced morphological transitions. Recently, the interest of researchers has turned from flat, structureless substrates to more complex substrates with differing complexities and geometries. In particular, the wetting and spreading strategies borrowed from biological structures have potential in the development and design of new materials based on the design principle known as biomimetics [15, 16] . However, to date, the linetension effects have been primarily considered on flat substrates [9, 10] . There have been almost no theoretical attempts to clarify the line-tension effects on various substrates with complex geometries except for a very small number of works expounding on line-tension effects on spherical substrates [12, [17] [18] [19] . There have also only been a small number of experimental studies concerning a droplet on a spherical substrate [20, 21] .
In the present study, we extend our previous work [12, 22] on the line-tension effects on convex and concave spherical substrates and consider the line-tension effects on the morphology of a cap-shaped droplet of a non-volatile liquid placed on top of a complete sphere. We find that the equator of the spherical substrate plays a special role. The contact line of the droplet cannot cross the equator while changing the magnitude of line tension continuously. When the substrate is hygrophobic or hydrophobic (i.e. Young's contact angle is large), a morphological transition from a cap-shaped droplet to a spherical droplet is observed for a large, positive line tension; this result is similar to the drying transition induced by positive line tension on a flat substrate, as predicted by Widom [10] . When the substrate is hygrophilic or hydrophilic (i.e., the Young's contact angle is small), a wetting transition is observed, in which the droplet completely encloses the spherical substrate to form a spherically wrapped droplet. The droplet also cannot spread over the substrate indefinitely given a large, negative line tension. Instead, the contact line asymptotically approaches the equator from either above or from below while increasing the magnitude of negative line tension. Therefore, the equator plays the same role as infinity for a plane substrate.
In the following, we will study the effect of the line tension on the morphology of a thermodynamically stable and metastable droplet placed on top of a convex spherical substrate using the capillary model. The stability of a cap-shaped droplet against fluctuations that do not preserve its circular shape will not be considered. It is well known, however, that the capillary model possesses a short-wavelength instability [23] [24] [25] on a flat substrate, which was shown [26] to be not physical when the molecular interaction near the three-phase contact line is included through a disjoining pressure [27] . We will leave this problem of the fluctuation and the inclusion of the disjoining pressure on a spherical substrate for future investigation.
II. LINE-TENSION EFFECTS ON THE HELMHOLTZ FREE ENERGY
In our previous work [12, 22] , we considered line-tension effects on the critical nucleus of a volatile liquid heterogeneously nucleated on a spherical substrate and also considered the Gibbs free energy, which was appropriate to the nucleation. In this study, we focus on the physics of line tension on a cap-shaped droplet of a non-volatile liquid placed on a spherical substrate, as shown in Fig. 1 . In particular, we consider a droplet with radius r placed on the top of a spherical substrate of radius R. The angle θ made by two tangential lines at the contact line is the contact angle (Fig. 1) . Since the droplet volume is held constant, the radius r and the contact angle θ are not independent.
The number of molecule within the droplet is fixed since we consider an incompressible non-volatile liquid with fixed volume. Then, we have to consider the Helmholtz free energy of the droplet. According to the classical idea of wetting and nucleation theory [9, [28] [29] [30] , which is known as the capillary model, the Helmholtz free energy F of a sessile droplet is
and where A lv and A sl are the surface areas of the liquid-vapor and liquid-solid (substrate) interfaces, respectively, and σ lv and σ sl are their respective surface tensions. Moreover, ∆σ is the free energy gained when the solid-vapor interface with surface tension σ sv is replaced by the solid-liquid interface with surface tension σ sl . The effect of the line tension τ is given by the last term of Eq. (1), where L denotes the length of the three-phase contact line.
When the line tension is positive (τ > 0), the droplets tends to shrink to reduce the line length L and to decrease the free energy F .
The contact angle θ of a mechanically stable droplet is determined by minimizing the Helmholtz free energy
with
derived from Eq. (1) with respect to the radius r of the droplet under a condition of constant volume given by
where
and
is the size parameter of the droplet. The Young's contact angle θ Y in Eq. (4) is defined by the classical Young's equation [31] on a flat substrate,
and the scaled line tensionτ is defined bỹ
Eqs. (3) and (6) were derived using the integration scheme originally developed by Hamaker [32] .
The detailed derivation of the volume as well as the Helmholtz energy was given in my previous paper [12] and is also provided in the Appendix.
Extremization [9] of the Helmholtz free energy Eq. (3) under the subsidiary constraint of a constant volume, Eq. (5), leads to a relation between the equilibrium contact angle θ e , Young's angle θ Y , the scaled droplet radius ρ e , and scaled line tensionτ , written as
which is similar to the classical Young's equation [31] in Eq. (9) . Therefore, even on a spherical curved surface, the contact angle in mechanical equilibrium is determined from the classical Young's equation (9) [29, 30] and θ e = θ Y if line tension can be neglected (τ = 0). Equation (11) can also be written as where φ e is the half of the central angle defined in Fig. 1 . Equation (12) is known as the generalized Young's equation [18] .
Equation (12) can be derived from the mechanical force balance from the surface and line tension, as pointed out by Hienola et al. [18] . To this end, we note that the line tension contributes to the force balance ( Fig. 2) as [12] 
The line tension contributes to the tension σ τ at the three-phase contact line only when the circular contact line has a finite radius R sin φ. Then, a simple force balance between the three tensions σ lv , σ sl , and σ sv and σ τ (Fig. 2) projected onto the tangential plane leads to
which can be reduced to Eq. (12) . Thus, the contact angle determined from the force balance condition Eq. (14) is also the equilibrium contact angle θ e derived from the condition of a freeenergy extremum. Furthermore, a line tension cannot contribute to the balance of tangential stress component at φ = π/2, where the contact angle is given by the characteristic contact angle θ c , determined using
derived from Eq. (11), where ρ c is the radius of the droplet when the contact angle is θ c .
When φ = π/2 or θ = θ c , the three-phase contact line coincides with the equator of the substrate. In particular, the equilibrium contact angle θ e in a free energy extremum, as determined from Eq. (11) the contact angle θ. In order to fix the droplet volume, it is convenient to characterize the droplet volume when it is a sphere with the size parameter ρ 180 = ρ (θ = 180
and, the equilibrium Helmholtz free energy of the droplet with a fixed volume V is obtained as the function of the contact angle θ from Eq. (5). The equilibrium Helmholtz free energy of the cap-shaped droplet at the free-energy extremum (Appendix) is given by
where ρ e and ζ e correspond to those when θ = θ e determined from the generalized Young's equation (11) . Equation (18) reduces to the well-known formula [9] for a droplet on a flat substrate when ρ → 0 or R → ∞. • and is written as
and ρ 180 is the size parameter when the contact angle is θ = 180 • . It is also possible to calculate the free energy of a droplet that completely wraps the spherical substrate [33] [34] [35] [ Fig. 3(b) ], which is realized when ρ > 1 and θ = 0. The free energy is given again by Eq. (3) when θ = 0 • :
and ρ 0 is the size parameter when the contact angle is θ = 0
• . This free energy is the same as that of the boiled-egg-like structure, shown in Fig The transition line separating a wrapped spherical droplet that encloses a spherical substrate from a detached, spherical droplet on top of a spherical substrate is determined by F sphere = F wrap in Eqs. (19) and (21) together with the conservation of the droplet volume
which leads to the condition of the wetting-drying boundary
for the Young's contact angle. Figure 4 shows the wetting-drying boundary θ Yw as a function of the radius (volume) ρ 180 of the droplet. Below this curve, the substrate is hydrophilic, and the completely wetted configuration of the wrapped droplet has a lower free energy than the completely dried configuration of the detached droplet. Along this line θ Yw , a wrapped spherical droplet and a detached spherical droplet have the same free energy.
We analyze the transformation of a cap-shaped droplet into a detached, spherical morphology, which is realized when F sphere = F cap , in the following section. We refer to this transition as the complete-drying transition or simply the drying transition, though the drying transition of the surface-phase transition is used for the open system [2, 3] , so both the volume of the droplet and the number of molecules can change. Similarly, we refer to the morphological transition from cap-shaped to wrapped sphere, which is realized when F wrap = F cap , as the complete-wetting transition or simply the wetting transition. This transition is not the surface-induced phase transition [2, 3] but is the morphological transition under the condition of a fixed number of molecules or fixed volume.
III. MORPHOLOGICAL TRANSITION OF A CAP-SHAPED DROPLET ON A SPHERICAL SUBSTRATE
Since the droplet volume is conserved, the radius r of the droplet changes as the contact angle θ on the spherical substrate is altered. For a given spherical substrate with radius R, the droplet volume characterized by ρ 180 , and the size parameter ρ (θ) as a function of the contact angle θ, are determined from the implicit equation contact angle θ c exists when the droplet volume is fixed because the scaled radius ρ c in Eq. (15) can be larger than 1 (Fig. 5 ) and Eq. (15) has a solution. Therefore, the contact line of a droplet placed on top of a spherical substrate can cross the equator and can reach the lower hemisphere even when ρ 180 < 1. On the other hand, when the radius r rather than the volume of the droplet is fixed and ρ 180 = r/R, which occurs in the nucleation problem [12, 22] , the characteristic contact angle θ c does not exist and the contact line cannot reach the equator when ρ 180 < 1 because Eq. (15) has no solution for ρ 180 = ρ c < 1.
Since the droplet radius ρ is a function of the contact angle θ from the implicit equation
Eq. (25), the free energy Eq. (4) becomes a function of the contact angle θ. Then, the morphology of the droplet on a spherical substrate is determined by the absolute minimum of the free energy landscape f (θ) = f (ρ (θ) , θ). We also show the contact angle θ = cos −1 (1/ρ 180 ) for the fixed radius ρ 180 (dashed curve), which is characteristic of the nucleation problem [12, 22] . The contact line can cross the equator as the size parameter ρ (θ) changes as a function of θ (see Fig. 4 ) when the droplet volume is fixed by ρ 3 180 . If the scaled radius of the droplet is fixed, the droplet cannot reach the equator if ρ 180 < 1, and no characteristic contact angle θ c can be found as a solution of Eq. (15) . We also show the wetting-drying boundary (dash-dotted curve) depicted in Fig. 4 , which is always larger than θ c .
energy. Therefore, the lines indicate the locus of transitions where the global minimum of the free energy changes.
The transition between a detached droplet and a wrapped droplet is given by Eq. (24) and is represented by the vertical line at θ = θ Yw . The transition between a detached spherical droplet and a cap-shaped droplet (complete drying transition) is given by the curve indicated byτ dry , which is defined by the condition f e = f 180 given by Eqs. (18) and (20) . The transition between a wrapped spherical droplet and a cap-shaped droplet (complete wetting transition) is given by the curve indicated byτ wet , which is defined by the condition f e = f 0 given by Eqs. (18) and (22) .
Even beyond these transition curvesτ dry andτ wet , the cap-shaped droplet can exist as a metastable droplet whose free energy is at the local minimum rather than at the global (lowest) minimum. The stability limit of this metastable cap-shaped droplet is similar to the spinodal line of a first-order phase transition, which can be determined from the second derivative of the free energy, as shown in Appendix. This stability limit is given bỹ τ st (θ e ) = ρ e −ρ e + cos θ e + 2 1 + ρ 2 e − 2ρ e cos θ e sin 3 θ e 1 + ρ 2 e − 2ρ e cos θ e ,
which becomesτ
where θ e is the equilibrium contact angle determined from Eq. In fact, the equilibrium contact angle θ e indicated by a short arrow is determined from Further increase in the positive line tension leads to the retraction of the contact line towards the north pole of the spherical substrate where the droplet is located, and to the increase in the equilibrium contact angle θ e . When the line tension reachesτ dry ≃ 0.322 of the drying transition, the free energy of the cap-shaped droplet at θ e = 83.8
• becomes equal to that of the detached spherical droplet at θ = 180
• . Then the cap-shaped droplet can transform into the detached spherical droplet sitting on the top of a spherical substrate.
However, this transition is discontinuous and thus exhibit a free energy barrier, which need to be overcome by some fluctuations. Aboveτ dry , the cap-shaped droplet can exist as a metastable object, which becomes unstable at the stability limitτ st ≃ 0.458. This point is similar to the spinodal of the first-order phase transition. When θ Y < θ c ≃ 18.0
• , a stable cap-shaped droplet with a contact line only on the lower hemisphere can exist. However, both the metastable droplet with a contact line on the upper hemisphere (θ > θ c ) and that on the lower hemisphere (θ < θ c ) can exist. Figure 11 shows the free-energy landscape when θ Y = 10
• < θ c . The free energy of the cap-shaped droplet becomes equal to that of the wrapped spherical droplet of the contact angle 0
• when τ =τ wet ≃ 0.0068, where the complete wetting transition, which is not shown in Fig. 11 , occurs.
By further increasing the magnitude of the line tension, the metastable cap-shaped droplet with a contact line on the lower hemisphere soon becomes unstable at the first stability limit τ =τ st ≃ 0.012. After this first stability limit, the metastable cap-shaped droplet cannot exist until the line tension reaches the second stability limitτ =τ st ≃ 0.387. The metastable cap-shaped droplet reappears after this second stability limit, now, with a contact line on the upper hemisphere. Then, the metastable cap-shaped droplet with a contact line on the upper hemisphere may transform into a detached metastable spherical droplet (pseudo drying transition) atτ =τ dry ≃ 0.529. This metastable cap-shaped droplet with a contact line on the upper hemisphere becomes finally unstable at the third stability limitτ =τ st ≃ 0.740. • and θ c ≃ 60.8
• . Figure 13 shows the free-energy landscape when θ Y = θ c ≃ 60.8
• . The landscape shows a minimum at the equilibrium contact angle θ e , which is exactly at the characteristic contact 
In this case, the contact angle is fixed at θ = θ c , which means that the contact line of the cap-shaped droplet cannot move and it is fixed at the equator of the spherical substrate.
angle θ e = θ c ≃ 60.8
• as discussed in Eq. (15) . Therefore, the three-phase contact line of the cap shaped droplet is fixed at the equator of the spherical substrate. The cap-shaped droplet may transform into the wrapped spherical droplet atτ wet ≃ 0.304 (complete wetting transition). By further increasing the line tension, the metastable cap-shaped droplet may transform into a detached metastable spherical droplet (pseudo drying transition) atτ = τ dry ≃ 0.627. The metastable cap-shaped droplet whose contact line is fixed at the equator becomes finally unstable atτ =τ st ≃ 0.859.
The effects of negative line tension on the droplet on a spherical substrate are different from those on a flat substrate. As we increase the magnitude of the negative line tension (τ < 0), the contact angle asymptotically approaches the characteristic contact angle θ c from above (θ → θ + c ) when the three-phase contact line is located on the upper hemisphere, and it approaches θ c from below (θ → θ − c ) when the three-phase contact line is located on the lower hemisphere. Therefore, the three-phase contact line indefinitely approaches the equator of the substrate from both above and below. However, the contact line always remains in its original hemisphere, and cannot cross the equator. This finding can be easily understood, because the contact-line length is maximized at the equator. In order to maximize the negative gain of the line-tension contribution of the Helmholtz free energy, the contact line approaches the equator but never crosses it. Therefore, the droplet always remains on its original hemisphere, irrespective of the magnitude of the line tension.
Since this study is concerned with the thermodynamics of a droplet, the stability of a cap-shaped droplet against fluctuations that do not preserve its circular shape is not considered. It is well known that the capillary model of the cap-shaped droplet employed in this work possesses short-wavelength instability [23] [24] [25] for negative line tension on a flat substrate since the undulation of the contact line around the circular shape will necessarily increase the contact-line length and will decrease the free energy. However, Mechkov et al. [26] pointed out that this instability is not physical when the molecular interaction near the three-phase contact line is included using the disjoining pressure and the interfacedisplacement model [27] . We will leave this problem of the fluctuation and the inclusion of the disjoining pressure on a spherical substrate for future investigation.
IV. CONCLUSION
In this study, we considered the line-tension effects on the stability of a cap-shaped droplet of a fixed volume, placed on a spherical substrate. We found that the contact angle is determined by the generalized Young's equation, as it takes into account the effects of the line tension. The analytical expression for the Helmholtz free energy is found, and it consists of the usual surface contribution and a contribution from the line tension.
Using the generalized Young's equation, We studied the contact angle of a cap-shaped droplet as a function of the line tension. The morphological transition from a cap-shaped droplet to a detached, spherical droplet and a wrapped, spherical droplet was examined by comparing the minimized Helmholtz free energy of a cap-shaped droplet with that of spherical droplets of the same volume.
We found a special role played by the equator of the spherical substrate, at which the contact-line length of a droplet reached its maximum. The contact line of the droplet cannot cross the equator while changing the magnitude of line tension continuously. When the contact line of a droplet coincided with the equator, the droplet with this characteristic contact angle is pinned at the equator for a positive line tension unless its magnitude does not exceeds that for the wetting transition. The droplet is also pinned for a large negative line tension.
When the Young's contact angle is larger than the wetting-drying boundary (θ Y > θ Yw ), upon increasing the positive line tension, the Helmholtz free energy of a cap-shaped droplet could exceed that of a detached, spherical droplet. Then, the contact angle jumps from a finite value to 180
• . This morphological transition is the same as the complete-drying transition predicted by Widom [10] for a droplet on a flat substrate.
On the other hand, when the Young's contact angle is smaller than the wetting-drying boundary (θ Y < θ Yw ), upon increasing the positive line tension, the Helmholtz free energy of a cap-shaped droplet could exceed that of a wrapped, spherical droplet. Then, the contact angle jumps from a finite value to 0
• . This morphological transition is similar to the complete-wetting transition [2, 3] of the surface phase transition.
On increasing the absolute magnitude of the negative line tension, the contact angle approaches the characteristic contact angle, and, therefore, the contact line approaches the equator asymptotically from either above or below. However, this result is not conclusive as the undulation of the contact line necessarily decreases the free energy and a circular contact line might be marginally stable. In fact, the interfacial shape becomes unstable for a sufficiently large negative line tension. This problem is know to be partly due to the shortcomings of the present capillary model, and it is resolved by introducing the disjoining pressure using the interface-displacement model [26] . Similarly, the unphysical result of our capillary model in the θ → 0 • limit, noted in our previous papers [12, 22] , can also be avoided by introducing the disjoining pressure, which allows for a preexisting thin liquid film. The problem of the fluctuation of the contact line and the effects of the disjoining pressure remain for future investigation.
In this study, we analyzed various scenarios concerning a cap-shaped droplet on a spherical substrate using both Young's contact angle and the size of the droplet as the two independent parameters. The former can be controlled by changing the material and surface chemistry of the substrate. The latter can also be controlled by changing the volume of the nonvolatile liquid. Therefore, experimental confirmation and verification of our predictions of the morphological transitions of a cap-shaped droplet on a spherical substrate should be feasible. 
Appendix
Here, we provide the mathematical derivation of Eqs. (4), (6), (18) , and (26) in the main text. A more detailed derivation of these formulas has already been provided in my previous publications [12, 22] . Briefly, the derivation is based on the integration scheme proposed by Hamaker [32] and the change of variable from the contact angle θ to the distance C between the centers of the two spheres of the substrate and the droplet, as shown in Fig. 1 .
By using this simple variable C, we avoid the tedious and complicated transformation of the trigonometric functions. Because all these equations are linear in ∆σ, σ lv , and τ , the manipulation is tedious but straightforward. which can be rewritten as Eq. (18).
The second derivative is rather lengthy 
